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A f i n i t e  element so lu t ion  f o r  the na tu ra l  f requencies  and mode shapes of 
f r e e  axisymmetrical v ib ra t ions  and the dynamic response of a r b i t r a r y  r o t a t i o n a l l y  
symmetric s h e l l s  is presented i n  t h i s  r epor t .  The s t i f f n e s s  f o r  the  bas i c  
annular p l a t e ,  conica l  and cy l ind r i ca l  elements a r e  constructed by using the  
s t a t i c  homogeneous so lu t ions  of the c l a s s i c a l  p l a t e  and shell bending theories. 
The mass matrix f o r  the annular p l a t e  i s  based on the same so lu t ions .  For the 
conica l  and the c y l i n d r i c a l  elements the  mass matr ix  i s  determined using an 
assumed displacement f i e l d .  The developed so lu t ions  were programmed i n  
For t ran  I V .  The i l l u s t r a t i v e  examples include a d e t a i l e d  ana lys i s  of a 
problem of a shallow sphe r i ca l  cap subjected t o  an axisymmetrical p ressure  
varying w i t h  t i m e ,  a s o l u t i o n  f o r  a p l a t e  subjected t o  B time-dependent r i n g  
load and an ana lys i s  of a dynamic response of a complete sphere.  
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I .  INTRODUCTION 
Thin s h e l l s  of revolut ion a r e  the  most important s t r u c t u r e s  used i n  the 
aero-space indus t ry .  Much work has been done on the  s o l u t i o n  of s t a t i c  problems 
f o r  such shells, however, the  dynamic ana lys i s  of shel ls  of revolu t ion  has  
been p r i n c i p a l l y  l i m i t e d  t o  the  considerat ion of s p e c i a l  cases .  The treatment 
of the general  dynamic ana lys i s  of t h i n  e l a s t i c  s h e l l s  according t o  the 
bending theory h a s  no t  been resolved s a t i s f a c t o r y .  
E. Reissner  [2]  i n  1946 were the f i r s t  people t o  t r e a t  the  axisymnietric 
v ib ra t ion  problem of shallow spher ica l  shel ls  by means of a v a r i a t i o n a l  method. 
Naghdi and Kalmins [3],  using an uncoupled system of equations equiva len t  t o  
t h a t  i n  [l],  obtained i n  exac t  so lu t ion  f o r  the problem of axisymmetric na tu ra l  
Federhofer [l] i n  1937 and 
frequencies  and mode shapes of f ree-v ibra t ion  of a hemispherical  s h e l l .  
Subsequently, a general  numerical a n a l y s i s  of the  n a t u r a l  f requencies  and 
mode shape of f ree-v ibra t ion  of r o t a t i o n a l  shells w a s  given by Kalkins [4].  
Recently Klein [5 ] ,  using the  matrix displacement f i n i t e  element approach, h a s  
succeeded i n  t r e a t i n g  the dynamic response problem f o r  an a r b i t r a r y  snell of 
revolu t ion .  I n  [5] ,  f o r  the basic conica l  element the  m a s s  and s t i f f n e s s  
matr ix  used i n  the  equat ions of motion were derived from an assumed d i s -  
placement f i e l d  taken i n  polynomial form. The s y s t e m  of equation was solved 
by means of a f i n i t e  d i f f e rence  technique t o  give d i r e c t l y  the dynamic response. 
The purpose of the  present  r epor t  is t o  determine the  axisymmetrical 
n a t u r a l  f requencies  and mode shapes of f r ee -v ib ra t ion  a s  w e l l  a s  of the 
dynamic response t o  a r b i t r a r y  axisymmetrical loading f o r  r o t a t i o n a l l y  
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symmetric s h e l l s  with var ious boundary condi t ions.  
the  l i n e a r  bending theory of s h e l l s .  Any s h e l l  s tudied by the proposed 
procedure is approximated by the combination of bas i c  shell elements of 
t ruca ted  con ica l ,  c y l i n d r i c a l  and p l a t e  segments. The s t i f f n e s s  matrix is 
derived from the  a n a l y t i c a l  so lu t ion  of the homogeneous f i e l d  equat ions of 
the s t a t i c  shell theory for the  bas i c  elements. These so lu t ions  a r e  a l s o  used 
a s  the displacement func t ions  to formulate the element m a s s  matrix i n  a manner 
s i m i l a r  t o  the Rayleigh-Ritz procedure. The equations of motions a r e  solved 
by using normal-mode superposi t ion approach. To car ry  out  those s o l u t i o n s ,  
computer programs have been wi r t t en  i n  For t ran  I V .  
The a n a l y s i s  is based on 
As an i l l u s t r a t i o n  of the developed s o l u t i o n ,  the  problem of a sphe r i ca l  
cap subjected t o  a axisymmetrical pressure l o a d  varying w i t h  t i m e  i s  solved. 
The r e s u l t s  f o r  dynamic response a r e  compared w i t h  those which Klein [ 5 ]  
obtained by a d i f f e r e n t  method. Excel lent  agreement between the  two so lu t ions  
is found. I n  order t o  show the  c h a r a c t e r i s t i c  dynamic behavior of the  she l l  
the na tu ra l  f requencies  and mode shapes a r e  a l s o  given. Furthermore, el c i r c u l a r  
p l a t e  under time-dependent r i n g  l o a d  is analyzed by using only two f i n i t e  
elements t o  i n d i c a t e  the  advantage of 
so lu t ion .  The r e s u l t s  a r e  i d e n t i c a l  with those using 20 f i n i t e  elements. 
F i n a l l y ,  t o  demonstrate t he  genera l i ty  of the proposed method the dynamic 
response of a complete sphere i s  solved by using 50 elements.  
11 exact" formulat ions i n  the  proposed 
t 
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11. HOMOGENMlUS STATIC SOLUTIONS FOR BASIC SHELL ELEMENTS 
L 
The s t a t i c  homogeneous so lu t ions  f o r  axisymmetrical deformation of uni- 
form thickness  bas i c  s h e l l  elements a r e  ava i l ab le  i n  Refs. 6 ,  7 ,  10 and 11. 
In t h i s  r epor t  w e  use these  so lu t ions  a s  a b a s i s  f o r  formulating the element 
s t i f f n e s s  matr ices  [k] and the element mass matr ices  [m]. I t  i s  advantageous 
t o  express these so lu t ions  i n  matrix form as fol lows:  
and 
r 
where i = 1 , 2 , 3  and j = 1 , 2 ,  ......, 6. 
I n  these equat ions Id(.)) a r e  displacement-variables which a r e  
comprised of r o t a t i o n a l  X(s )  , meridional v(s )  , and normal W C S )  displacements ; 
(S(s)) a r e  force-var iab les  which  c o n s i s t  of meridional moments M ( s ) ,  
meridional s t r e s s - r e s u l t a n t s  N ( s )  , and shear ing s t r e s s - r e s u l t a n t s  Q (s ) .  
[ X ( s ) ]  and [ Y ( s ) ]  a r e  3 by 6 matrices whose rows represent  s i x  l i n e a r l y  
independent c o e f f i c i e n t s  of s t a t i c  so lu t ions .  
matr ix  which can be determined from the nodal displacements a t  each end 
of the  s h e l l  element. 
S 
S S 




The non-zero elements func t ions  X i j  and Y i j  of [ X ( s )  ] and [ Y ( s > ] ,  €or each 
of the  bas i c  s h e l l  elements used i n  t h i s  work, a r e  l i s t e d  sepa ra t e ly  i n  t he  
fo l lowing  s e c t i o n s .  
11-1. Conical Elements 
The non-zero func t ions  X and Y of [X(s)] and [ Y ( s ) ]  i n  Eqs. (1) and 
i j  i j  
(2) f o r  the  conica l  element a r e  l i s t e d  as  below. The symbols involved a r e  
def ined  i n  Fig.  1. 
-1 - X =c (be i  y + 2y 'ber'  y) ; X =-c (be r  y - 2y bei '  y) ; 
X =-c (ker  y - 2y 'ker' y ) ;  
-1 
11 1 12 1 
- - 
=c (ke i  y + 2y 'ker'  y )  ; X 
13 1 14 1 
X 15 =-(cot d E t )  (l/s) ; 
x22 2 2 23 2 
Xz4=c2(2  k e i  y+(l+V)y ke r '  y ) ;  X25= log (s) /E t ;  
y b e i '  y) ; 1 x = 1; X =c (be r  y-2 
1 
X33=c3 (ke r  y-2 Y k e r '  Y); 
x =- - 
X21=c2[(V/2)ber y - (l+V)y b e i '  y ] ;  
V -1 V - 
=c (- b e i  y + (1+V) y ber' y )  ; X =[- k e r  y-(l+V)y 'kei '  y ]  ; 
V -1 
26 31 3 
X 32 =c 3 (be i  y - l  2 y be i  y ) ;  
1 
X =c (ke i  y-5 y k e i '  y) ; (log s + V I ;  x =-cot a ;  
34 3 35 Et 36 
Y11=c4(ybei'y-2(1-V) (be i  y+Zy-lber'y) ) ; 
Y =-c4(yber'y-2(1-V) (be r  y-2y -1 bei 'y) ; 12 
Y =c (ykei'y-2(1-V) (ke i  y+2y -1 k e r ' y )  1; 13 4 




-1 - Y22=c5(bei y+2y ber 'y )  ; =c ( b e r  y-2y 'bei 'y) ; 
Y =c (ke r  y - 2y k e i ' y ) ;  
23 5 
y =- - 
25 s ' 
y21 5 
-1 
=c ( k e i  y + 2y -1 ker 'y)  ; 
1 Y =+c (ber  y - 2y -1 b e i ' y ) ;  




Y =c ( b e i  y + 2y b e r ' y ) ;  




2 c o t  a: 2 G V 2 )  
Eh c = +  2 c =  cot a E h2 1 
Where 
2 
c o t  a: 
3 Eh 
c = +  
1 c = - -  c o t  a 
5 
-2 c = 2 y  
4 
1 
6 s  
c = -  
I 1-2. Cyl indr ica  1 Elements 
The non-zero func t ions  X i j  and Y i j  of [X(s)] and [ Y ( s ) ]  i n  Eqs. (1) and 
(2) f o r  the  c y l i n d r i c a l  elements a r e  l i s t e d  below and the  symbols involved 
a r e  def ined i n  Fig.  2 .  
X11=c7(cos K 5 + s i n  K 5 ) 
X =c (cos K 5 - s i n  K 5 ) 
X =c ( s i n  K 5 - cos K 5 ) 
13 8 
21  9 
X =c ( s i n  K 5 + cos K 5 ) 23 10 
S 
'25 = 
X =-c (cos K 5 - s i n  K 5 ) 12 7 
X =C (COS K 5 + s i n  K 5 ) 14 8 
X =-c ( s i n  K 5 + cos K 5 ) 
X 24 =c 10 ( s i n  K 5 - cos K 5 ) 
22 9 
x26 = 1 
6 
=e+' cos KE '3 1 
Vd x = -  - 
35 Eh 
Y = c s i n  KE 
Y =c s i n  KE 
11 11 
13 12 
Y25 = 1 
Y =c (cos KE + s i n  K E ) 32 13 
Y34=-~14(co~ K 5 - s i n  K 5 )  
Where 
K -ICE 
c = - -  e 7 d 
V - K E  
c = - -  e 9 2K 
c =  
11 
c =  13 
2 2DK e - 




X34=eKE s i n  t t ~  
COS K E  11 
Y = -c 12 
y =-C COS KE 14 12 
Y31 = c 13 (cos KE 
Y33 = c 14 (cos K E + s i n  K 5 ) 
- s i n  
K KE c - -  e 8 - d  
V -KE c = - -  e 10 2K 
2DK KE c = - -  e 
12 d2 
2DK2 K E  
c = -  e 14 d3 
11-3. P l a t e  Elements 
The non-zero func t ions  X and Y of [X(s)] and [Y(s)] i n  Eqs. (1) and 
(2) f o r  the p l a t e s  elements a r e  l i s t e d  a s  below and the  symbols involved a r e  
defined i n  Fig. 3. 
i j  i j  
. 
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1 - -  
x25 - s 
x32 = s 
x2s = s 
x33 = log s 
x31 = s2 log s 
2 
x34 = 1 
Yll = Dr ( 3 + V )  + 2 ( 1 + V )  log SI Yl2 = 2 D  ( 1 + V )  
1 Eh 1 - - -  - Y13 = - D ( l - V )  - 2 
( l + V )  S 2 y25 - S 
Eh Y = -  
26 1 -v 4 D  - - -  
'31 - S 
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111. BASIC SHELL E Z E " T  STIFFNESS MATRIX 
I n  t h i s  r e p o r t  the de r iva t ion  of t he  s t i f f n e s s  mat r ix  [k] f o r  each of t he  
b a s i c  s h e l l  elements is based upon the  s t a t i c  homogeneous s o l u t i o n s  given i n  
Eqs. (1) and (2).  I n  these equations {A) must be determined from a t o t a l  
of s i x  boundary cond i t ions ,  i . e . ,  from th ree  conditions a t  each end of the 
s h e l l  elements. This is done by eva lua t ing  Eq. (1) a t  s = a ,  and s=b. Thus: 
where w e  de f ine  the elements of t h e  mat r ix  
s h e l l  element l o c a l  displacement coord ina tes  {d)  
b a s i s  w e  can express the displacement and force-var iab les  i n  terms of s i x  
l o c a l  displacements { d] by s u b s t i t u t i n g  {A} from Eq. (3) i n t o  Eq. (11, 
and Eq. (2) .  This y i e l d s  
{-:-:%5] i n  Eq. (3) a s  the 
, (see Fig.  4) .  On t h i s  
P 
and 
Evaluat ing { S(s)} i n  Eq. (5) a t  t h e  edges of the  element s=a ,  and 
s=b, w e  ob ta in  
9 
8 
To determine the element s t i f f n e s s  mat r ix ,  w e  have t o  f i n d  a r e l a t i o n  
between the s i x  l o c a l  displacements {d) and the corresponding f o r c e s  is) 
i n  the l o c a l  coordinate system (see Fig.  4 ) .  By comparing Fig.  1 and Fig.  4 ,  
w e  f i n d  the r e l a t i o n  between {S) and 
Where [ I ]  i s  i d e n t i t y  matrix and [ O ]  is n u l l  matrix.  By s u b s t i u t i n g  Eq. (5a) 
i n t o  t h e  above equat ion ,  we can f i n d  the d e s i r e d  r e l a t i o n  between the s h e l l  
element l o c a l  coord ina tes  { d} and the f o r c e s  
That is: 
{SI i n  the same  coord ina tes .  
( 7 )  
I -1 
{s) = [ 1;-;-:] [-:-:Et-] [-:;I { d) 
From d e f i n i t i o n  i t  follows t h a t  the matr ix  
i n  Eq. ( 7 )  is the shell element s t i f f n e s s  matr ix  based on l o c a l  coord ina te  
system {d] . Since a s  a f i n a l  r e s u l t  w e  want t o  form a s i n g l e  s t r u c t u r a l  
s t i f f n e s s  matr ix  i n  cooperating many elements, w e  transform the  l o c a l  element 
s t i f f n e s s  mat r ix  t o  a s t i f f n e s s  mat r ix  based on the system (or global) co- 
ord ina te s  {q} (see Fig.  5). The transformation r e l a t i o n  between l o c a l  
coordinates 
Fig.  4 and Fig.  5. This r e l a t i o n  can be expressed by the following equat ion 
{ d} and the  system coord ina tes  
{q) 
can be obtained by comparing 
10 
where i, j=1,2,. . . . . . , 6 and: 
[TI = 
Furthermore, t he  r e l a t i o n  between f o r c e s  {S} i n  t he  {d} coordinate 
system, and f o r c e s  { Q} i n  the { q} coordinate s y s t e m  can be expressed a s :  
[Pi) = [TjiIT (sj} 
S u b s t i t u t i n g  Eq. ( 7 )  and Eq. (8) i n t o  the  above equat ion ,  w e  have 
where i t  is convenient t o  define the  following mat r ices  a s :  
and : 
The d e s i r e d  element s t i f f n e s s  matr ix  [k] based on genera l ized  system 
coordinate {q} , on the above b a s i s  becomes: 
[k l  = [TIT [CI rJ31-l [TI (11) 
11 
Since  i n  t h i s  work [k]  i s  derived from c l a s s i c a l  s t a t i c  s o l u t i o n s  for 
t h i n  p l a t e s  and shells and is not fouad by assuaing a p a r t i c u l a r  displacement 
f i e l d ,  the stiffness matrix given by Eq. (11) is "exact" for the selected 
b a s i c  s h e l l  elements. 
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I V .  BASIC SHELL ELEMENT MASS MATRIX 
I n  dynamic problems the  forces  and displacements a r e  t i m e  dependent, and 
t h e  i n e r t i a  of a c c e l e r a t i n g  masses must be taken i n t o  cons idera t ion .  I n  a 
given coordinate system the charac te r  of the i n e r t i a  f o r c e  f o r  a s h e l l  element 
can be represented by a mass  matrix. Ins tead  of using the conventional lumped 
mass  technique, w e  constructed the mass  mat r ix  by considering the c o r r e c t  mass 
d i s t r i b u t i o n  i n  the she l l  element. The technique of cons t ruc t ing  the  d i s -  
t r i b u t e d  o r  c o n s i s t e n t  mass  matrix t o  a s s o c i a t e  i t  w i t h  t he  nodal r i n g s  is 
s i m i l a r  t o  t h e  well-known Reyleigh-Ritz method f o r  i nd iv idua l  s h e l l  elements. 
The key s t e p  i n  this technique is t o  assume a displacement f i e l d  f o r  the shell 
element i n  terms of a c e r t a i n  coordinate system such a s  expressed by Eq. (4) .  
I n  t h i s  r e p o r t  w e  w i l l  d i s cuss  two cases  wi th  d i f f e r e n t  assumed displacement 
f i e l d s .  I n  the  f i rs t  case ,  a t  a p a r t i c u l a r  t i m e  t ,  the displacement f i e l d  is 
assumed t o  be the same a s  t h a t  which w a s  used i n  P a r t  I11 f o r  formulat ing the 
element s t i f f n e s s  matrix.  For  t h i s  purpose the t i m e  f a c t o r  is introduced i n t o  
Eq. (41, y ie ld ing  
where the  matr ix  [X(s)] is defined i n  P a r t  11. 
which is obtained by using the above assumed displacement f i e l d ,  the "cons is ten t  
mass matrix" f o r  being cons is ten t  w i t h  the  element s t i f f n e s s  matrix.  I n  the  
We c a l l  the mass mat r ix ,  
13 
second case,  w e  assume the  displacement f i e l d  i n  the s imples t  poss ib l e  
















































W e  c a l l  the mass matr ix ,  which is obtained by using the  assumed polynomial d i s -  
placement f i e l d ,  the "d is t r ibu ted  m a s s  matr ix ."  
The genera l  procedure of cons t ruc t ing  the mass matr ix  is the same f o r  the 
two cases .  However, i n  determing the mass  mat r ix  a d i f f e r e n t  meaning of 
[X(s)] is assigned depending on whether the d i s t r i b u t e d  o r  t he  c o n s i s t e n t  mass  
matr ix  is des i red .  
The genera l  expression f o r  the k i n e t i c  energy T ( t )  of a shell element can 
be w r i t t e n  a s  
14 
1 . 2  2 2 T ( t )  = aJ  [ m p i  X ( s , t )  + m ( s , t )  + m * (s,t) 2 R r(s) d s  (14) 
Where m is the mass per  un i t  of s h e l l  sur face  a r e a ,  p is  the  r ad ius  of A 
gyra t ion  of t he  sec t ion  of a s h e l l  element, and r(s) is the  t ransverse  rad ius  
of the  s h e l l  element. For d i f f e r e n t  bas i c  s h e l l  elements see Figs .  1, 2 and 3. 
Upon s u b s t i t u t i n g  the displacement va r i ab le s  involved i n  Eq. (12) i n t o  
Eq. (141, w e  ob ta in  
1 
T ( t )  = 2 - < 6 ( t )  > [TIT [B-lIT 2rr [ E ( s ) ]  r ( s ) d s  [B- l ]  [TI  {q(t)} (15) 
where 
and 
i ,  j = 1 , 2 ,  ....., 6 
< X .(SI >, < X .(SI >, < X (s) > a r e  t he  r o w  mat r ices  i d e n t i c a l  t o  
1 5  25 3j 
t he  f i r s t ,  second 
By comparing 
and t h i r d  row of the matrix [ X ( s ) ] .  
Eq. (15) ,  w i t h  t he  usual  one f o r  k i n e t i c  energy, 
W e  conclude t h a t  the element m a s s  matr ix  [m] i n  the sys t em coordinates  is  
15 
The above equat ion can be used f o r  formulat ing the element mass matr ix  i n  
11 1 9  both cases ,  i .e . ,  f o r  the cons i s t en t  mass matrix" o r  f o r  the d i s t r i b u t e d  
mass matrix.  
the matr ices  [B] and [ECs!] can be obtained is defined i n  A r t i c l e s  11-1, 11-2, 
and 11-3, (see Eq. (10-a) and Eq. (15-a) ) for the d i s t r i b u t e d  mass matrix" 
the matr ix  {X(s) ] is defined by Eq. (13). 
11 For the "consistent mass matr ix ,"  t he  matr ix  [X(s)] from which 
V I  
c 
l o a d  
wher 
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V. JOINT LOAD MATRIX FOR BASIC SHELL ELEMENTS 
I n  t h e  f i n i t e  element ana lys i s ,  only the f o r c e s  and displacements of 
c e r t a i n  d i s c r e t e  (nodal) p o i n t s  of t h e  s t r u c t u r e  a r e  considered. A t  t hese  
po in t s  t h e  compat ib i l i ty  and the equi l ibr ium condi t ion  must be f u l f i l l e d .  
For t h i s  reason ,  any loading condition of a s h e l l  must be replaced by element 
j o i n t  loads which a r e  considered t o  be a system equiva len t  t o  the a c t u a l  loads .  
To accomplish t h i s  w e  assume t h a t  a l l  of the a c t u a l  l oad ,  which i s  d i s t r i b u t e d  
i n  the reg ion  between the  centroid and upper end of the element, is concentrated 
o r  lumped a t  t he  upper end j o i n t  of t he  element, and a l l  of the remaining load 
is lumped a t  t he  lower end j o i n t  of t he  element. Thus w e  can develop an 
express ion  f o r  the approximate j o i n t  load" [p(t)] t o  r ep resen t  the a c t u a l  
[TI is  t h e  coord ina te  transformation matr-x, defined -y Eq. (8a) and a ,  
b ,c  a r e  the s values f o r  t he  upper end,  lower end and cen t ro id  of t h e  s h e l l  
element, r e spec t ive ly .  
l t  A s o l u t i o n  us ing  th i s  approximate j o i n t  load" m a t r i x  has proved to  be 
q u i t e  s a t i s f a c t o r y  provided the size of the element i s  reasonably small  (Ref. 
3). However, i f  the  s ize  of the  elements is made b igge r ,  the  discrepancy w i t h  
17 
. 
the a c t u a l  s o l u t i o n  may become s i g n i f i c a n t .  I n  the l a t t e r  c a s e s ,  it may be 
d e s i r a b l e  t o  use the more accurate equiva len t  j o i n t  load mat r ix ,  which w e  
s h a l l  c a l l  "cons is ten t  j o i n t  load  matrix. 
is cnnst.ructed so t h a t  t h e  work  done by the a c t u a l  load is equal t o  the work 
done by the 
only w r i t e  down the f i n a l  r e s u l t s  of the corresponding mat r ix  equation. Fur ther  
information on th i s  mat r ix  can be found i n  Ref. (15). 
11 The "cons is ten t  j o i n t  load matrix" 
11 cons i s t en t  j o i n t  load" due t o  a v i r t u a l  displacement. H e r e  w e  
= [TIT [ B e l l T  ~ [ X ( S ) ] ~  
S 
(P(S , t)} 2nr(s)  d s  (19) 
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V I .  TEIE EQUATION OF MOTION FOR THE DYNAMIC 
RESPONSE OF THE COMPLETE SHELL STRUCTURE 
W e  have already set up s h e l l  element s t i f f n e s s ,  shell element mass  matr ix ,  
am! shell element j o i n t  load mstriu. W e  w i l l  now he able  t o  f i n d  the  r e l a t i o n s  
between forces and displacements through s t r u c t u r a l  s t i f f n e s s  mat r ix ,  s t r u c t -  
u r a l  mass m a t r i x ,  and s t r u c t u r a l  j o i n t  load matrix by means of cont inui ty  and 
equi l ibr ium condi t ions a t  the nodal po in ts .  W e  consider t h a t  f o r  a p a r t i c u l a r  
node, and i n  a p a r t i c u l a r  d i r ec t ion ,  a t  any t i m e  the displacement of the 
s t r u c t u r e  equals the displacement of any element j o i n t  a t  t h a t  node. This 
cont inui ty  condi t ion can be expressed by comparing s t r u c t u r a l  displacement 
coordina te (r) (Fig.  7 )  and element system displacement coordinate  ( q )  
(Fig. 5) i n  the fol lowing equation: 
where is  the element system displacement matr ix  
{r(t)) is  the  s t r u c t u r a l  displacement mat r ix ,  and [ 6 ]  is  
(n) 
matr ix  f o r  element (n) .  The latter matr ix  i s  defined a s  
[6ij1(n) = LOik I IiJ f Oiml 
I I 
Where [Oi,], [Oim] a r e  n u l l  submatrices,  k = 1 ,2  ,... . , 3 (n-l), 
I,! 
f o r  element (n) , 
a transformation 
(20a) 
m = l,2y.....y 
3 (N-n), i n  which N i s  the t o t a l  number of s h e l l  element,  and [Iia] i s  a 6x6 
i d e n t i t y  submatrix. 
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I n  addi t ion ,  the j o i n t  load of the  s t r u c t u r e  a t  p a r t i c u l a r  node equals 
the sum of the j o i n t  loads of the  elements which m e e t  a t  t h a t  node. Therefore,  
t he  s t r u c t u r a l  j o i n t  load matrix (p( t ) )  and the  elements j o i n t  load m a t r i c e s  
{P(t)] have the  following r e l a t i o n :  
Where N again is  the  number of shel l  elements,  {p( t )> (n)  i s  the element j o i n t  
load matrix f o r  element n ,  and (P(t)) is  the  s t r u c t u r a l  j o i n t  load matrix.  
Next, consider ing the n-th she l l  element only ,  w e  set-up the equat ion of 
motion f o r  t h i s  s h e l l  element, t h a t  is: 
where the subsc r ip t  (n) ind ica tes  t h a t  the matr ix  corresponds t o  the n-th 
element,  and i ,  j = 1, 2 ,  ....., 6. 
Subs t i t u t ing  Eq. (20) and Eq. (22) i n t o  Eq. (21) gives  the  equat ion of 
motion of the sys t em.  
T N N 
n= 1 n=l  
{ Ym' t)} (23) 
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where i, m = 1, 2 ,.... ., 3 (n+l) 
j, R = 1, 2 ,  ....., 6 
o r  
where [K] and [MI a r e  respec t ive ly ,  the s h e l l  s t r u c t u r e  assemblage s t i f f n e s s  
and mass matr ices .  These matrices a r e  defined a s  follows 
N T 
where i ,  m = 1 , 2 ,  ....., 3 (N+l)., j ,  R = i , 2 ,  ...... 6 .  
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VII. ANALYSIS OF THE EQUATION OF MOTION 
The equation of motion a s  expressed by Eq. (241, can be solved i n  many 
d i f f e r e n t  ways. B u t  i f  i n  addi t ion  t o  t h e  dynamic responses, the f r e e  v i b r a t i o n  
c h a r a c t e r i s t i c s  of a s h e l l  a r e  a l s o  t o  be determined, then i t  is advantageous 
t o  adopt t h e  normal mode method of s o l u t i o n .  This procedure is  sometimes a l s o  
c a l l e d  t h e  "mode acce lera t ion"  method (see Ref. 14).  The normal mode method 
is  cha rac t e r i zed  by t h e  f a c t  t ha t  t h e  d i f f e r e n t i a l  equations of motion a r e  un- 
coupled, where the  displacements a r e  expressed i n  terms of the  normal modes. 
Therefore ,  i n  a system having n-degrees of freedom, w e  may d e a l  w i t h  n 
independent d i f f e r e n t i a l  equations r a t h e r  than w i t h  a system of n simultaneous 
d i f f e r e n t i a l  equat ions .  
The s t r u c t u r a l  assemblage mass matrix [ M I ,  and the  s t r u c t u r a l  assemblage 
s t i f f n e s s  mat r ix  [K]  i n  Eq. (241, a r e  symmetrical and a r e  p o s i t i v e  d e f i n i t e .  
Therefore,  Eq. 24 can be uncoupled (Ref. 12) .  This i s  to  say t h a t  w e  always 
can f i n d  a matrix [ d ) ]  such t h a t  




where [w] is  a diagonal mat r ix .  
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To f i n d  the  mat r ix  [@I, w e  f i r s t  so lve  the e igenvec tors  and eigenvalues 
of the mass matr ix  [MI, such t h a t  
where the columns of the mat r ix  [ G ]  a r e  the normalized eigenvectors of mat r ix  
[MI, and diagonal elements of the diagonal  mat r ix  [z]  a r e  the corresponding 
eigenvalues.  Since [M] is  a p o s i t i v e  d e f i n i t e ,  w e  have r e a l ,  p o s i t i v e  values 
f o r  a l l  i n  [GI. Thus, there always e x i s t s  a r e a l  diagonal mat r ix  [ - 3 ,  
and w e  can de f ine  a new mat r ix  [E] such t h a t  
1 
JG i 
1 1 E3 = r - 1 [ T I T  [ K I  ES1 r - 1 J& sa (28) 
Here again,  [i] is a symmetrical, p o s i t i v e  d e f i n i t e  matrix.  
poss ib l e  t o  f i n d  mat r ices  [ T ]  and [(o] such t h a t  
Therefore,  i t  is 
- - 
[:IT [E] [;I = [ Z ]  (29) 
- 
Where the  columns of m a t r i x  [ T I  a r e  normalized eigenvectors of [E], t he  
of the diagonal matr ix  [a a r e  the corresponding eigen-  - - diagonal elements w 
i 
va lues ,  and a l l  Wi's 
- 
have non-repeated p o s i t i v e  va lues ,  i . e . ,  
Furthermore, i f  w e  de f ine  a matr ix  [ @ ]  such t h a t  
1 [@I = [*I r - I G I  J.5 (30) 
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- 
then m a t r i c e s  [ e ]  and [z] have the p rope r t i e s  t o  s a t i s f y  Eqs. (25) and ( 2 6 ) .  
This can be proved by s u b s t i t u t i n g  Eqs. (30), (28) and (29) i n t o  Eq. (25), 
and s u b s t i t u t i n g  Eqs. (30) and ( 2 7 )  i n t o  Eq. ( 2 6 ) .  To demonstrate, 
= [i] 
and 
I n  add i t ion ,  w e  can a s s e r t  t h a t  the  columns of the matr ix  [e] a r e  the  normal 
modes of the system, and the s q u a r e  roo t  values of the  diagonal elements Lo. 
of diagonal matr ix  [GI a r e  the corresponding frequencies .  
- 
1 - 
The displacement vec tor  b(t)} can be expressed i n  terms of the normal 
coordinates  {v ( t ) ]  a s  
24 
and t h e  equat ion of motion can be uncoupled by s u b s t i t u t i n g  t h i s  r e l a t i o n  i n t o  
Eq. @4), and pre-multiplying i t  by matrix [@]  . .Thus, T 
o r  
t h  t h  N o t e  t h a t  t h e  i r o w  of Eq. (32)is the  d i f f e r e n t i a l  equat ion f o r  t h e  i 
mode which is independent of those for a l l  o t h e r  modes. Therefore, t h i s  
equat ion may be in tegra ted  d i r e c t l y  t o  y i e l d  the  normal displacement 7. ( t ) .  
This may be repeated independently f o r  a l l  o t h e r  modes t o  so lve  f o r  the  n 
normal displacements { Vi(t)} 
the s t ructure  [r(t)} is obtained by i n s e r t i n g  the solved (v(t)} values  
i n t o  Eq. (31). 
1 
, i = 1 , 2 , .  . . . .n.  The t o t a l  displacement of 
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V I 1 1  . INTERNAL STRFSS-RESULTANTS RESPONSE 
Theore t i ca l ly ,  the i n t e r n a l  stress r e s u l t a n t s  (Q(t)] of the s h e l l  
element n may be obtained by using element s t i f f n e s s  [k] d i r e c t l y .  That is 
(n) 
Actua l ly ,  the  above expression f o r  Q(t) l eads  t o  highly inaccura te  { I  
r e s u l t s  . 
I n  us ing  Eq. (33) t o  c a l c u l a t e  the i n t e r n a l  s t r e s s - r e s u l t a n t  response 
{ Q(t)) an acceptab le  computational e r r o r  i n  t he  displacement response (r(t)] 
is  g r e a t l y  amplified by s t i f f n e s s  matrix [ k ] .  Following the  suggested 
procedure given i n  Ref. 16, w e  adopt an a l t e r n a t i v e  method of a n a l y s i s  here 
so t h a t  the e r r o r  due t o  the  s e n s i t i v i t y  of the  stress r e s u l t a n t s  (Q(t)] 
t o  computational errors can be k e p t  smal l ,  and the degree of accuracy achieved 
w i l l  be of the same o r d e r  a s  t ha t  of the displacement response [r(t)) . 
I n  th i s  method the i n t e r n a l  stress r e s u l t a n t s  a r e  computed i n  two p a r t s .  
F i r s t ,  w e  apply e x t e r n a l  load (P( t ) )  
f o r c e s  under t h e  assumption t h a t  a l l  p o i n t s  of the  system have z e r o  acce le ra t ion .  
This can be done by applying t o  the system the t o t a l  e x c i t i n g  f o r c e  {P( t ) )  
a t  a t i m e  t ,  and computing the t o t a l  s t a t i c  i n t e r n a l  r e s u l t a n t s .  W e  des igna te  
s t a t i c a l l y ,  and compute the i n t e r n a l  
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t hese  i n t e r n a l  r e s u l t a n t s  by (Q(t)] I. Then, w e  add t o  t h i s  the  i n t e r n a l  
r e s u l t a n t s  assoc ia ted  wi th  the acce le ra t ion  of the  system. To ob ta in  t h e  
i n  te rna  1 forces {Q(t)) corresponding t o  the  a c c e l e r a t i o n  of t he  system, 
w e  r e f e r  tc tbe uncwpled d i f f e r e n t i a l  equation of motion for the  ith mode, 
i . e . ,  w e  cons ider ,  f o r  example, the ith row of Eq. (32) 








P; (t)  * 
- (36) = - - - 
Lo 0 
i i 
The term - i n  Eq. (35) represents  the  response due t o  loads P.  (t) 
1 
.. Gi 
i n  v i  appl ied  t o  the  system s t a t i c a l l y ,  namely f o r  7 = 0. .The term - - 
i 
- i - 
u) 
Eq. (35) r ep resen t s  t h e  response due t o  the  a c c e l e r a t i o n  9 .  (t) of t h e  system 
when i t  is v i b r a t i n g  i n  i t s  ith mode. 
1 
To ob ta in  t h e  i n t e r n a l  r e s u l t a n t s  (e(t3 corresponding t o  t h e  
I1 PT (t)  
1 
Lo 
acce le ra t ion  of t he  system, w e  u s e  Eq. (361, where a l l  - - 
have known values .  For each normal mode the re  corresponds an e x t e r n a l  j o i n t  
and T i ( t )  - 
i 
load system, which when applied to  the  s t r u c t u r e ,  w i l l  cause i t  t o  deform 
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i n  i ts  ith mode w i t h  an amplitude of un i ty  ( v . ( t )  = 1). 
j o i n t  loading is given by the  following j o i n t  i n e r t i a l  loads: 
For the ith mode t h i s  
1 
- 
j o i n t  load matrix = i [MI { @  1 (37) 
Where ( 9 1  is the  ith normal mode of the  system, i . e . ,  the ith column of 
matr ix  [e!. Using t h i s  i n e r t i a  load w e  can compute the corresponding i n t e r n a l  
r e s u l t a n t s  {Q(t))  i.  Then these r e s u l t a n t s  a r e  amplified by the  value of the  
ith normal mode acce lera t ion  response - 
.. vi (t) 
, and w e  ob ta in  the  i n t e r n a l  - 
ic, 
i 
r e s u l t a n t s  corresponding t o  the  acce le ra t ion  of the  system. T h a t  is 
where { Q(t)) i 
t h  load of t he  i 
a r e  the i n t e r n a l  r e s u l t a n t s  corresponding t o  the  j o i n t  i n e r t i a l  
normal mode. The t o t a l  i n t e r n a l  r e s u l t a n t s  a r e  given by 
Mae, =&fined ear l je r ,  Q(t) 
t o t a l  ex te rna l  f o r c e  e x c i t i n g  the  system, when t h i s  f o r c e  is applied s t a t i c a l l y .  
I n  t h i s  approach the  i n t e r n a l  r e su l t an t s  (Q(t)} II a r e  obtained from the  
I represent  the i n t e r n a l  r e s u l t a n t s  due t o  the I 1  
i n e r t i a l  j o i n t  loads associated w i t h  each j o i n t .  This procedure tends t o  
reduce the  degree of e r r o r  t h a t  may r e s u l t  from the d iscrepancies  i n  t he  
i n e r t i a l  loads computed from Eq. (37) due t o  the  f a c t  t h a t  the modes 
a r e  approximate. 
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I n  Eq. (39) {Q(t)) I represent  the i n t e r n a l  r e s u l t a n t s  due t o  a l l  
e x t e r n a l l y  applied f o r c e s  exc i t i ng  the s y s t e m ,  when such f o r c e s  a r e  appl ied  
s t a t i c a l l y .  Therefore,  i r r e s p e c t i v e  of the number of modes considered i n  the  
a n a l y s i s ,  the  r e s u l t a n t s  (Q(t)) I a r e  accura te ly  determined. If Eq. (33) 
w e r e  used in s t ead ,  the s t a t i c  e f f e c t  of t he  applied f o r c e  {P(t)) depends on 
the number of modes considered i n  the ana lys i s .  Hence, i f  a small  number of 
modes is involved i n  the ana lys i s ,  t he  s t a t i c  e f f e c t  of the  appl ied  f o r c e s  
{P(t)] i s  no t  completely accounted f o r  i f  Eq. (33) is used. 
A 
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I X .  EXAMPLES AND CONCLUSIONS 
the  f i r s t  example, consider an e l a s t i c  c i r c u l a r  p l  t e  clamped along 
the  outer edge subjected t o  a r i ng  load a s  shown i n  Fig.  8 f o r  which its 
dynamic response is to  be determined. The r i n g  load P i s  applied as a s t e p  
func t ion  i n  t i m e .  This p a r t i c u l a r  problem has been solved using the  con- 
s i s t e n t  mass matrix" i n  the  equation of motion. 
response of t h i s  p l a t e  by the developed method, only two elements need t o  be 
used,  s ince  the  element mass matrix [m]  is  cons i s t en t  with the  exac t  element 
s t i f f n e s s  matrix.  A l t e rna t ive ly ,  an a r b i t r a r y  number of elements may be 
used, and 20 elements were se lec ted  t o  obta in  a so lu t ion  f o r  comparative 
purposes. The r e s u l t s  of the  two so lu t ions  a r e  p lo t t ed  i n  Figs .  l l b  and 
l l c .  Differences between the  two so lu t ions  a r e  neg l ig ib l e .  The so lu t ion  
based on the  use of 20 elements a c t u a l l y  is a l i t t l e  less accura te  due t o  
the  unavoidable accumulation of numerical e r r o r s .  I n  Fig.  l l a  the  f i r s t  
t h ree  normalized modes and the  corresponding frequencies  a r e  given. Con- 
s i d e r i n g  the rap id  r a i s e  of the  frequencies  and the  na ture  of t he  corres-  
ponding mode shapes,  the  response due to the e f f e c t  of the  second and t h i r d  
modes is  m i n i m a l .  
I*  
To determine the  dynamic 
The second example is of the dynamic response of the  shallow sphe r i ca l  
s h e l l  shown i n  F ig .  9. The data a r e  from the  Klein and Sy lves t e r  example 
(Ref. 5). 
sphe r i ca l  cap and 14 cones. Distr ibuted mass matrix" and Approximate j o i n t  
l o a d s "  were used t o  obta in  t h e  so lu t ion  f o r  t h i s  problem. The dynamic and 
0 The 26.67O sphere was analyzed a s  an assemblage of a 0.67 
v *I 
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r e s u l t s  a r e  shown i n  F ig .  12b, 12c and 12d. These r e s u l t s  a r e  seen t o  be i n  
e x c e l l e n t  agreement w i t h  the  Klein and Sy lves t e r  s o l u t i o n .  Also  presented 
is a p l o t  of the first three mode shapes and the i r  corresponding f requencies ,  
F ig .  123. In  this prc?blem, due to high f requencies  and slm convergence, the 
effect of second and t h i r d  modes is  a s  important a s  t h a t  of t h e  f i r s t  mode on 
the response of the system. Resul t s  were a l s o  obtained by us ing  only the 
first three modes in s t ead  of the 16 modes a s  above. This l e d  t o  poor r e s u l t s .  
The discrepancy between the two s o l u t i o n s  is s i g n i f i c a n t ,  and the s o l u t i o n  w i t h  
three modes is unacceptable. From t h e  experience gained i n  so lv ing  d i f f e r e n t  
shell dynamic problems by using the developed computer program i t  is concluded 
t h a t  f o r  deep s h e l l  s t r u c t u r e s  a t  l e a s t  20 modes have t o  be used t o  ob ta in  
s a t i s f a c t o r y  r e s u l t s .  For  very shallow shel ls ,  on the  o t h e r  hand, 3 modes 
may g ive  resonable r e s u l t s .  The dynamic response of t h e  sphere  shown i n  Fig.  
10 was solved by us ing  50 elements. A p l o t  of the  normal displacement a t  a 
p o i n t  where the r i n g  load P is  applied is presented i n  F ig .  13. 
The dynamic response of l i n e a r  e l a s t i c  s h e l l s  of r evo lu t ion  of a r b i t r a r y  
meridian shape and thickness va r i a t ion  can be determined us ing  the  f i n i t e  
element approach. The accuracy appears t o  be e x c e l l e n t ,  and once a program 
is developed a s o l u t i o n  is achieved very rap id ly .  I n  the cases  when the s h e l l  
is a c t u a l l y  a combination of the b a s i c  she l l  elements used i n  t h i s  r e p o r t ,  and 
the dynamic loads a r e  loca l i zed  then the  s o l u t i o n  based on a mass matr ix  which 
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